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ON THE CAUCHY PROBLEM FOR
INTEGRO-DIFFERENTIAL EQUATIONS WITH
SPACE-DEPENDENT OPERATORS IN GENERALIZED
HO¨LDER CLASSES
FANHUI XU
Abstract. Parabolic integro-differential Kolmogorov equations with
different space-dependent operators are considered in Ho¨lder-type spaces
defined by a scalable Le´vy measure. Probabilistic representations are
used to prove continuity of the operator. Existence and uniqueness of
the solution are established and some regularity estimates are obtained.
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2 FANHUI XU
1. Introduction
Let (Ω,F ,P) be a complete probability space and ν be a Le´vy measure
on Rd0 = R
d\{0} that is of order α, i.e.
α := inf{σ ∈ (0, 2) :
∫
|y|≤1
|y|σ ν (dy) <∞}.
We denote by J (ds, dy) a Poisson random measure on (Ω,F ,P) such that
E [J (ds, dy)] = ν (dy) ds, and denote by Zνt the Le´vy process
Zνt =
∫ t
0
∫
Rd
0
χα (y) yJ˜ (ds, dy) +
∫ t
0
∫
Rd
0
(1− χα (y)) yJ (ds, dy) .(1.1)
Here χα (y) := 1α∈(1,2) + 1α=11|y|≤1, and
J˜ (ds, dy) := J (ds, dy)− ν (dy) ds
is the compensated Poisson measure.
This work is a continuation of [15], in which we studied the Cauchy prob-
lem for the following parabolic-type Kolmogorov equations in generalized
Ho¨lder spaces C˜β
(
Rd
)
endowed with norms | · |β (see Section 2.2):
∂tu (t, x) = L
νu (t, x)− λu (t, x) + f (t, x) , λ ≥ 0,(1.2)
u (0, x) = 0, (t, x) ∈ [0, T ]×Rd,
where Lν is the infinitesimal generator of Zνt . Namely, for any ϕ ∈ C
∞
0
(
Rd
)
,
Lνϕ (x) :=
∫
[ϕ (x+ y)− ϕ (x)− χα (y) y · ∇ϕ (x)] ν (dy) .(1.3)
A notion of scaling functions was utilized in [15] to include some recent
popular models of ν (cf. [7, 8, 18]).
Definition 1. A continuous function w : (0,∞)→ (0,∞) is called a scaling
function if
lim
r→0
w (r) = 0, lim
R→∞
w (R) =∞
and if there is a nondecreasing continuous function l (ε) , ε > 0 such that
limε→0 l (ε) = 0 and
(1.4) w (εr) ≤ l (ε)w (r) , ∀r, ε > 0.
l is called the scaling factor of w.
For any Le´vy measure ν, any R > 0 and ∀B ∈ B
(
Rd0
)
,
νR (B) :=
∫
1B (y/R) ν (dy) ,(1.5)
ν˜R (dy) := w (R) νR (dy) .(1.6)
We can always normalize w by a constant so that w (1) = 1 and ν˜1 (dy) =
ν (dy). It was imposed in [15] for ν:
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A(w,l) (i) (Non-degeneracy) Suppose ν˜R (dy) ≥ µ
0 (dy) , R > 0 for some
Le´vy measure µ0 that is supported on the unit ball B (0), with µ0 satisfying
(1.7)
∫
|y|2 µ0 (dy) +
∫
|ξ|4 [1 + υ (ξ)]d+3 exp{−ζ0 (ξ)}dξ <∞,
where
υ (ξ) =
∫
χα (y) |y| [(|ξ| |y|) ∧ 1]µ
0 (dy) ,
ζ0 (ξ) =
∫
[1− cos (2πξ · y)]µ0 (dy) .
In addition, for all ξ ∈ Sd−1 = {ξ ∈ R
d : |ξ| = 1}, there is a constant c1 > 0,
such that ∫
|y|≤1
|ξ · y|2 µ0 (dy) ≥ c0.
(ii) (Symmetry) If α = 1, then
(1.8)
∫
r<|y|<R
yν (dy) = 0 for all 0 < r < R <∞.
(iii) (Scalability) There exist constants α1 ≥ α2 such that α1, α2 ∈ (0, 1) if
α ∈ (0, 1), α1, α2 ∈ (1, 2] if α ∈ (1, 2), α1 ∈ (1, 2] and α2 ∈ [0, 1) if α = 1,
and ∫
|y|≤1
|y|α1 ν˜R (dy) +
∫
|y|>1
|y|α2 ν˜R (dy) ≤ N0.
The N0 > 0 above is uniform with respect to R.
(iv) (Scalability) Suppose ς (r) := ν (|y| > r) , r > 0 is continuous in r and∫ 1
0
sς (rs) ς (r)−1 ds ≤ C0
for some positive C0 independent of r.
Under A(w,l), Zνt possesses a smooth density function whose regularity
estimates were derived in [9]. Moreover, Zνt is approximately distributed as
1
RZ
ν
w(R)t, R > 0. This property gives a uniform description of Le´vy measures
that were considered in [18], [7] and [8]. In [18], ν is assumed to be confined
by two α-stable measures of the same order, namely,∫
Sd−1
∫ ∞
0
1B (rw)
dr
r1+α
Σ1 (dw)
≤ ν (B) ≤
∫
Sd−1
∫ ∞
0
1B (rw)
dr
r1+α
Σ2 (dw)(1.9)
for any Borel measurable set B. They also assumed Σ1 and Σ2 are two
finite measures defined on the unit sphere and Σ1 is nondegenerate. In
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this situation, ν satisfies A(w,l) with w (r) = l (r) = rα, r > 0. Another
interesting class of Le´vy measures was investigated in [7] and [8], where
(1.10)
ν (B) =
∫ ∞
0
∫
|w|=1
1B (rw) a (r, w) j (r) r
d−1Σ (dw) dr, ∀B ∈ B
(
Rd0
)
,
Σ (dw) is a finite measure on the unit sphere, and
j (r) =
∫ ∞
0
(4πt)−d/2 exp
(
−
r2
4t
)
Λ (dt) , r > 0,
with Λ (dt) being a measure on (0,∞) such that
∫∞
0 (1 ∧ t)Λ (dt) <∞. Let
φ (r) =
∫∞
0
(
1− e−rt
)
Λ (dt) , r ≥ 0 be the associated Bernstein function.
They imposed
H. there is a function ρ0 (w) defined on the unit sphere such that ρ0 (w) ≤
a (r, w) ≤ 1,∀r > 0, and for all |ξ| = 1,∫
Sd−1
|ξ · w|2 ρ0 (w) ≥ c > 0.
G. (i) There is C > 1 such that
1
C
φ
(
r−2
)
r−d ≤ j (r) ≤ Cφ
(
r−2
)
r−d.
(ii) There are 0 < σ1 ≤ σ2 < 1 and C > 0 such that for all 0 < r ≤ R
C−1
(
R
r
)σ1
≤
φ (R)
φ (r)
≤ C
(
R
r
)σ2
.
It can be verified that H and G produce Le´vy measures of A(w,l)-type
with w (r) = j (r)−1 r−d, r > 0, and
l (r) =
{
Cr2σ1 if r ≤ 1,
Cr2σ2 if r > 1
for some C > 0. (See [7, 8, 9, 18] for details and examples.)
Write HT = [0, T ]×R
d. In this note, we consider the following parabolic
integro-differential equation:
∂tu (t, x) = Lu (t, x)− λu (t, x) + f (t, x) , λ ≥ 0,(1.11)
u (0, x) = 0, (t, x) ∈ HT ,
where L = A+Q or L = G +Q, and for any function ϕ ∈ C∞0
(
Rd
)
,
Aϕ (x) :=
∫
[ϕ (x+ y)− ϕ (x)− χα (y) y · ∇ϕ (x)] ρ (t, x, y) ν (dy) ,
Gϕ (x) :=
∫
[ϕ (x+G (x) y)− ϕ (x)− χα (y)G (x) y · ∇ϕ (x)] ν (dy) ,
Qϕ (x) := 1α∈(1,2)b (t, x) · ∇ϕ (x) + p (t, x)ϕ (x) +
∫
Rd
0
[ϕ (x+ q (t, x, y))
−ϕ (x)−∇ϕ (x) · q (t, x, y) 1α∈(1,2)1|y|≤1]̺ (t, x, y) ν2 (dy) .(1.12)
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We assume for the underlying Le´vy measure ν:
A˜(w, l, γ). (i) ν satisfies A(w,l).
(ii) There is ε ∈ (0, 1) such that for any β′ ∈ (0, β + ε),∫ 1
0
l (t)β
′ dt
t
+
∫ ∞
1
l (t)β
′ dt
t2
+ 1α∈[1,2)
∫ 1
0
l (t)1+β
′ dt
t2
<∞.
(iii) Set γ(t) = inf{s > 0 : l(s) ≥ t} for t > 0. There exist 0 < δ < min
(
1
2 , β
)
and 0 < δ′ < min
(
1
2 , ε
)
for the ε in (ii) such that
1α∈(0,1)
∫ ∞
1
tδγ (t)−1 dt < ∞,
1α=1
(∫ 1
0
tδγ (t)−1 dt+
∫ ∞
1
t−δ
′
γ (t)−1 + tδγ (t)−2 dt
)
< ∞,
1α∈(1,2)
(∫ 1
0
t−δγ (t)−1 dt+
∫ ∞
1
tδγ (t)−2 + t−
1
2
+δγ (t)−1 dt
)
< ∞.
Suppose the kernel function ρ satisfies
H(K,β). (i) There is K > 0 so that for ∀t ∈ [0, T ],
|ρ (t, x, y)| ≤ K, ∀x, y ∈ Rd,(1.13)
|ρ (t, x1, y)− ρ (t, x2, y)| ≤ Kw (|x1 − x2|)
β ,∀y ∈ Rd.(1.14)
(ii) If α = 1, then for ∀x ∈ Rd,∀r ∈ (0, 1) ,∀t ∈ [0, T ],∫
r<|y|<1
yρ (t, x, y) ν (dy) = 0.
We assume for the main part G:
G(c0,K, β). (i) G (z) , z ∈ R
d is an invertible and uniform continuous d×d-
matrix, and G (z) 6= G (z′) if z 6= z′.
(ii) |detG (z)| ≥ c0, ‖G (z)‖ ≤ K,∀z ∈ R
d for some c0,K > 0.
(iii) For the same K, g (z, z′) ≤ Kw (|z − z′|)β ,∀z, z′ ∈ Rd, where G¯z,z′ :=
‖G (z)−G (z′)‖ and
g
(
z, z′
)
=

w
(
G¯−1z,z′
)−1
if α ∈ (0, 1) ,
w
(
G¯−1z,z′
)−1
w
(
G¯z,z′
)−δ′
∨ G¯z,z′ if α = 1,
G¯z,z′ if α ∈ (1, 2) .
For the same w, l,K, β, we assume the lower order part Q satisfies:
B(K,β). (i) |b (t, ·)|β + |p (t, ·)|β + |̺ (t, ·, y)|β ≤ K,∀y ∈ R
d
0,∀t ∈ [0, T ].
(ii) For all α ∈ (0, 2) , z′ ∈ Rd,∀t ∈ [0, T ], q (t, ·, y) 6= 0 if y 6= 0. Besides,
lim
ε→0
sup
t,z′
∫
|q(t,z′,y)|≤ε
(
w
(∣∣q (t, z′, y)∣∣)+ 1α=1 ∣∣q (t, z′, y)∣∣) ν2 (dy) = 0.
(iii) For all α ∈ (0, 1] , z′ ∈ Rd,∀t ∈ [0, T ],∫
Rd
0
1α<1
(
w
(∣∣q (t, z′, y)∣∣) ∧ 1)+ 1α=1 (∣∣q (t, z′, y)∣∣ ∧ 1) ν2 (dy) ≤ K.
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(iv) For all α ∈ (1, 2) , z′ ∈ Rd,∀t ∈ [0, T ],∫
|y|≤1
w
(∣∣q (t, z′, y)∣∣) ν2 (dy) + ∫
|y|>1
(∣∣q (t, z′, y)∣∣ ∧ 1) ν2 (dy) ≤ K.
(v) For all z′, h ∈ Rd,∀t ∈ [0, T ], α ∈ (1, 2),∫
|y|≤1
w (|q (t, x+ h, y)|)β |q (t, x+ h, y)− q (t, x, y)| ν2 (dy) ≤ Kw (|h|)
β ,∫
|y|≤1
w (|q (t, x+ h, y)− q (t, x, y)|)β |q (t, x, y)| ν2 (dy) ≤ Kw (|h|)
β ,∫
|y|>1
(∣∣q (t, z′ + h, y) − q (t, z′, y)∣∣ ∧ 1) ν2 (dy) ≤ Kw (|h|)β .
If α ∈ (0, 1),∫
Rd
0
(
w
(∣∣q (t, z′ + h, y)− q (t, z′, y)∣∣) ∧ 1) ν2 (dy) ≤ Kw (|h|)β .
And if α = 1,∫
Rd
0
(∣∣q (t, z′ + h, y)− q (t, z′, y)∣∣ ∧ 1) ν2 (dy) ≤ Kw (|h|)β .
The main conclusion of this paper is
Theorem 1.1. Let A˜(w, l, γ), B(K,β) and H(K,β) (resp. G(c0,K, β))
hold. If f (t, x) ∈ C˜β (HT ) , β ∈
(
0, 1α
)
, then there is a unique solution
u (t, x) ∈ C˜1+β (HT ) to (1.11) with L = A+Q (resp. L = G+Q). Moreover,
there exists a constant C depending on c0, c1, N1,K, β, d, T , µ, ν such that
|u|β ≤ C
(
λ−1 ∧ T
)
|f |β ,
|u|1+β ≤ C |f |β .
And there is a constant C depending on c0, c1, N1,K, κ, β, d, T, µ, ν such that
for all 0 ≤ s < t ≤ T , κ ∈ [0, 1] and κ+ β > 1,
|u (t, ·)− u (s, ·)|κ+β ≤ C |t− s|
1−κ |f |β .
Due to generality of the measure ν we are considering, the Le´vy symbol
ψν (ξ) , ξ ∈ Rd of the process Zνt is generally not smooth in ξ. This was
already an obstacle for applying the standard Fourier multiplier theorem to
solutions of equations with space-independent coefficients, and it continues
to be a difficulty in this work. Thus, probabilistic representations are used
instead and continuity of the operators are proved in that approach. Then
we apply continuation of parameters, which was also used in [13] and [14],
to show well-posedness of the Cauchy problem. In [14], a parabolic-type
Kolmogorov equation with an operator L = A + Q was considered in the
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standard Ho¨lder-Zygmund space, where Q is the lower order part and the
principal part
Au (t, x) :=
∫
[u (t, x+ y)− u (t, x)− χα (y) y · ∇u (t, x)] ρ (t, x, y)
dy
|y|d+α
.
With more flavor of probability, in [13] a stochastic parabolic integro-differential
equation with operators
Lu (t, x) :=
∫ [
u (t, x+ y)− u (t, x)− 1α≥11|y|≤1y · ∇u (t, x)
]
ν (t, x, dy)
+ 1α=2a
ij (t, x) ∂2iju (t, x) + 1α≥1b˜
i (t, x) ∂iu (t, x) + l (t, x) u (t, x)
was studied in Ho¨lder spaces. A deterministic model with a similar operator
was addressed in the little Ho¨lder-Zygmund spaces in [12]. Besides, the
Cauchy problem for a second order linear SPDE was considered in [11] and
[16] in standard Ho¨lder classes.
The outline of this note is as follows.
In section 2, notation is introduced. Definitions of function spaces and
results on norm equivalence from [15] are briefly mentioned at the conve-
nience of readers. In section 3, we show continuity of the operators by using
probability representations. In section 4, we derive some a priori estimates
and prove the main theorem by applying continuation of parameters. Other
auxiliary results are collected in the Appendix section.
2. Notation and Function Spaces
2.1. Basic Notation. We use N for the set of nonnegative integers, N+
for N\{0}, and ℜ for the real part of a complex-valued quantity.
For a function u = u (t, x) on HT = [0, T ] × R
d, ∂tu := ∂u/∂t, ∂iu :=
∂u/∂xi, ∂
2
iju := ∂
2u/∂xixj. The gradient of u with respect to x is denoted
by ∇u, and D|γ|u := ∂|γ|u/∂xγ11 . . . ∂x
γd
d , where γ = (γ1, . . . , γd) ∈ N
d is a
multi-index.
As usual, C∞b
(
Rd
)
denotes the set of infinitely differentiable functions on
Rd whose derivative of arbitrary order is finite, S
(
Rd
)
is the space of rapidly
decreasing functions on Rd and S ′
(
Rd
)
denotes the space of continuous
functionals on S
(
Rd
)
. It is well-known that Fourier transform is a bijection
on S ′
(
Rd
)
. We adopt the normalized definition for Fourier and its inverse
transforms in this note, i.e.,
Fϕ (ξ) = ϕˆ (ξ) :=
∫
e−i2πx·ξϕ (x) dx,
F−1ϕ (x) = ϕˇ (x) :=
∫
ei2πx·ξϕ (ξ) dξ, ϕ ∈ S
(
Rd
)
.
For any Le´vy measure ν we may symmetrize it as below.
ν¯ (dy) :=
1
2
(ν (dy) + ν (−dy)) .(2.1)
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As a convention, C is a positive constant that represents different values in
various contexts. Explicit dependence on certain quantities may be indicated
when necessary.
2.2. Function Spaces of Generalized Smoothness. Our primary func-
tion spaces of generalized smoothness in this note are C˜β
(
Rd
)
, β ∈ (0, 1/α)
endowed with the norm
|u|β = sup
t,x
|u (t, x)|+ sup
t,x,h 6=0
|u (t, x+ h)− u (t, x)|
w (|h|)β
:= |u|0 + [u]β <∞
and C˜1+β
(
Rd
)
, β ∈ (0, 1/α) with the norm
|u|1+β := |u|0 + |L
µu|0 + [L
µu]β <∞,
where µ is a reference measure satisfying A(w,l) for the same w and l as ν,
and Lµ is the associated operator defined as (1.3).
By [15, Proposition 1], these generalized Ho¨lder norms are equivalent to
the norm of generalized Besov spaces C˜β∞,∞
(
Rd
)
:
|u|β,∞ = sup
j∈N
w
(
N−j
)−β
|u ∗ ϕj |0 <∞, β ∈ (0,∞) .
Given the choice of [15], in above definition ϕj ∈ S
(
Rd
)
for any j ∈ N
and
∑∞
j=0Fϕj = 1. Moreover, when j ≥ 1, Fϕj = φ
(
N−j ·
)
for some
N such that l
(
N−1
)
< 1 < l (N) and for some φ ∈ C∞0
(
Rd
)
so that
supp (φ) = {ξ : N−1 ≤ |ξ| ≤ N}.
Set κ ∈ [0, 1] and β > 0. Denote the Le´vy symbol associated with Lµ by
ψµ (ξ) =
∫ [
ei2πξ·y − 1− i2πχα (y) ξ · y
]
µ (dy) , ξ ∈ Rd,
and denote
ψµ,κ =
 ψ
µ if κ = 1,
− (−ℜψµ)κ if κ ∈ (0, 1) ,
1 if κ = 0.
Then the auxiliary space Cµ,κ,β
(
Rd
)
is a class of functions whose norm
|u|µ,κ,β := |u|0 + |L
µ,κu|β,∞ <∞,
where
Lµ,κu := F−1 [ψµ,κFu] , u ∈ S ′
(
Rd
)
.(2.2)
Set
(I − Lµ)κ u =
{
(I − Lµ)u if κ = 1,
F−1 [(1−ℜψµ)κFu] if κ ∈ [0, 1) .
Another auxiliary space C˜µ,κ,β
(
Rd
)
is introduced as the collection of func-
tions whose norm
‖u‖µ,κ,β := |(I − L
µ)κ u|β,∞ <∞.
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Lemmas 1-3 below comprise a list of probabilistic representations that
were derived in [15] and will be intensively used in next section.
Lemma 1. [15, Lemma 8] Let ν be a Le´vy measure satisfying (iii) in A(w,l)
and Lν˜R,κ be defined as (2.2). Then for any ϕ (x) ∈ C∞b
(
Rd
)
,
Lν˜R,κϕ (x) = C
∫ ∞
0
t−1−κE
[
ϕ
(
x+ Z ν˜Rt
)
− ϕ (x)
]
dt, κ ∈ (0, 1) ,
where C−1 =
∫∞
0 t
−κ−1
(
1− e−t
)
dt and
ν˜R (dy) =
1
2
(ν˜R (dy) + ν˜R (−dy)) , R > 0.
Besides, Lν˜R,κϕ ∈ C∞b
(
Rd
)
. If furthermore ϕ (x) ∈ S
(
Rd
)
, then
∣∣Lν˜R,κϕ∣∣
L1
<
C ′ for some C ′ > 0 uniform w.r.t. R.
Lemma 2. [15, Lemma 9] Let a > 0 and ν be a Le´vy measure satisfying
(iii) in A(w,l). Then aI − Lν defines a bijection on C∞b
(
Rd
)
. Moreover,
for all C∞b
(
Rd
)
functions ϕ, the following representations hold.
ϕ (x) =
∫ ∞
0
e−atE (aI − Lν)ϕ (x+ Zνt ) dt,
(aI − Lν)−1 ϕ (x) =
∫ ∞
0
e−atEϕ (x+ Zνt ) dt, x ∈ R
d.
Lemma 3. [15, Lemma 10] Let a > 0 and κ ∈ (0, 1). Suppose ν is a
Le´vy measure satisfying (iii) in A(w,l). Then (aI − Lν)κ is a bijection on
C∞b
(
Rd
)
. Moreover, for all C∞b
(
Rd
)
functions ϕ,
(aI − Lν)κ ϕ (x) = C
∫ ∞
0
t−κ−1
[
ϕ (x)− e−atEϕ
(
x+ Z ν¯t
)]
dt,(2.3)
(aI − Lν)−κ ϕ (x) = C ′
∫ ∞
0
tκ−1e−atEϕ
(
x+ Z ν¯t
)
dt,(2.4)
where C−1 =
∫∞
0 t
−κ−1
(
1− e−t
)
dt, C ′−1 =
∫∞
0 t
κ−1e−tdt and Z ν¯t is the
Le´vy process associated with ν¯.
Remark: Lemmas 1 and 3 imply that Lµ,κ, (aI − Lν)κ, (aI − Lν)−κ , κ ∈
(0, 1] are closed operations in C∞b
(
Rd
)
. Therefore, they may be all ex-
tended to κ ∈ (1, 2) through composition of operators. It was shown in [15,
Corollary 2] that (2.4) also holds for κ ∈ (1, 2).
Lemma 4. [15, Lemma 6 and Proposition 6] Let β > 0 and κ ∈ [0, 2).
Suppose ν is a Le´vy measure satisfying A(w,l). Then (2.2) is well-defined
for all κ and all u ∈ C˜κ+β∞,∞
(
Rd
)
,
Lν,κu (x) = lim
n→∞
Lν,κun (x) , x ∈ R
d,(2.5)
and this convergence is uniform with respect to x. Moreover,
|Lν,κu|0 ≤ |L
ν,κu|β,∞ ≤ C |u|κ+β,∞
for some C > 0 independent of u.
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Based on Lemmas 1-4, norm equivalence were established.
Proposition 1. [15, Theorems 3.2 and 3.3] Let ν be a Le´vy measure satis-
fying A(w,l), β > 0, κ ∈ (0, 1]. Then norms |u|ν,κ,β, ‖u‖ν,κ,β and |u|κ+β,∞
are mutually equivalent.
3. Continuity of the Operator
In this section, we study respectively operators that have a kernel de-
pending on the spatial variable x and operators that have space-dependent
coefficients. The first lemma explains the relation between generalized reg-
ularity and the ordinary smoothness.
Lemma 5. Let β, δ ∈ (0,∞), σ ∈ [0, 1) and k be a positive integer so that∫ 1
0
l (t)β t−k−1dt <∞.
a) Any function u ∈ C˜β∞,∞
(
Rd
)
is k-times continuously differentiable and
there is C depending only on N,β so that for any multi-index |γ| ≤ k and
any σ ∈ [0, 1) with |γ|+ σ ≤ k,
|∂σDγu|0 ≤ C |u|β,∞
∫ 1
0
l (t)β t−|γ|−σ−1dt.
Moreover,
∂σDγu = Dγ∂σu =
∞∑
j=0
(∂σDγu) ∗ ϕj
converges uniformly.
b) Any function u ∈ C˜β+δ∞,∞
(
Rd
)
is k-times continuously differentiable and
there is C depending only on N,β so that for any multi-index |γ| ≤ k and
any σ ∈ [0, 1) with |γ|+ σ ≤ k,
|∂σDγu|δ,∞ ≤ C |u|β+δ,∞
∫ 1
0
l (t)β t−|γ|−σ−1dt.
Proof. Recall properties of the convolution functions ϕj , j ∈ N. If we write
ϕ˜j = ϕj−1 + ϕj + ϕj+1, j ≥ 2,
ϕ˜1 = φˇ+ ϕ1 + ϕ2, ϕ˜0 = ϕ0 + ϕ1,
then,
Fϕ˜j (ξ) = ˆ˜ϕj (ξ) = Fϕ˜
(
N−jξ
)
, ξ ∈ Rd, j ≥ 1,
where
Fϕ˜ (ξ) = φ (Nξ) + φ (ξ) + φ
(
N−1ξ
)
.
Note that φ is necessarily 0 on the boundary of its support. Then,
ϕj = ϕj ∗ ϕ˜j , j ≥ 0,
ϕ˜j (x) = N
jdϕ˜
(
N jx
)
, j ≥ 1.
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And then,
u =
∞∑
j=0
u ∗ ϕj =
∞∑
j=0
ϕ˜j ∗ u ∗ ϕj .
a) We only show cases in which |γ| = 1. The proof for other higher orders
is an application of induction on γ. Denote
(∂σDγϕ˜)j (x) = N
jd (∂σDγϕ˜)
(
N jx
)
, x ∈ Rd, j ≥ 1.
Then
∞∑
j=1
∂σDγ (ϕ˜j ∗ u ∗ ϕj) =
∞∑
j=1
N (|γ|+σ)j (∂σDγϕ˜)j ∗ u ∗ ϕj .
Since
∞∑
j=0
w
(
N−j
)β
(N−j)|γ|+σ
≤ w (N)β
∫ ∞
0
l (N−x)
β
(N−x)|γ|+σ
dx ≤ C
∫ 1
0
l (t)β
t|γ|+σ
dt
t
<∞,
we have
∞∑
j=0
|∂σDγ (ϕ˜j ∗ u ∗ ϕj)|0 ≤ C
∞∑
j=0
w
(
N−j
)β
N (|γ|+σ)jw
(
N−j
)−β
|u ∗ ϕj |0
≤ C |u|β,∞
∫ 1
0
l (t)β t−|γ|−σ−1dt <∞.
Therefore,
∑∞
j=0 ∂
σDγ (ϕ˜j ∗ u ∗ ϕj) ∈ C
(
Rd
)
converges uniformly and there-
fore it converges in the weak topology of S ′ (R). By continuity of the Fourier
transform,
Dγ∂σu = ∂σDγu =
∞∑
j=0
∂σDγ (ϕ˜j ∗ u ∗ ϕj) =
∞∑
j=0
(∂σDγu) ∗ ϕj .
Moreover,
|∂σDγu|0 ≤
∞∑
j=0
|∂σDγ (ϕ˜j ∗ u ∗ ϕj)|0 ≤ C |u|β,∞
∫ 1
0
l (t)β t−|γ|−σ−1dt.
b) From a),
w
(
N−j
)−δ
|(∂σDγu) ∗ ϕj |0
≤ C
∞∑
j=0
w
(
N−j
)β
N (|γ|+σ)jw
(
N−j
)−β−δ
|u ∗ ϕj |0
≤ C |u|β+δ,∞
∫ 1
0
l (t)β t−|γ|−σ−1dt, ∀j ∈ N.
And the conclusion follows. 
Remark: As a conclusion of Lemma 5 and A˜(w, l, γ) (iii), if u ∈ C˜1+β∞,∞
(
Rd
)
, β >
0 and α ∈ [1, 2), then u has classical first-order derivatives.
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Lemma 6. Let κ ∈ (0, 2) and µ be the reference measure. Then for any
function ϕ ∈ C∞b
(
Rd
)
,
(aI − Lµ)κ ϕ → −Lµ,κϕ, κ ∈ (0, 1] ,
(aI − Lµ)κ ϕ → Lµ,κϕ, κ ∈ (1, 2) .
uniformly as a→ 0+.
Proof. Apparently, (aI − Lµ)ϕ (x) → −Lµϕ (x) uniformly as a → 0. Use
the representation (2.3) for κ ∈ (0, 1):
(aI − Lµ)κ ϕ (x) = C (κ)
∫ ∞
0
t−κ−1e−at
[
ϕ (x)−Eϕ
(
x+ Z µ¯t
)]
dt+ aκϕ (x) ,
where C (κ)−1 =
∫∞
0 t
−κ−1
(
1− e−t
)
dt. Note (2.3), then
|(aI − Lµ)κ ϕ (x) + Lµ,κϕ (x)|
≤ C (κ)
∫ ∞
0
t−κ−1
∣∣e−at − 1∣∣ ∣∣ϕ (x)−Eϕ (x+ Z µ¯t )∣∣ dt+ aκ |ϕ (x)|
≤ 2C (κ) |ϕ|0
[
aκ
∫ a
0
t−κ−1
(
1− e−t
)
dt+
∫ ∞
1
t−κ−1
(
1− e−at
)
dt+ aκ
]
→ 0 uniformly as a→ 0+,∀x ∈ R
d.
To be precise, for any ε > 0, there is δ > 0 such that
|(aI − Lµ)κ ϕ+ Lµ,κϕ|0 < ε |ϕ|0
whenever 0 < a < δ. Besides,
(aI − Lµ)2κ ϕ− Lµ,2κϕ
= [(aI − Lµ)κ + Lµ,κ] ◦ [(aI − Lµ)κ + Lµ,κ] ◦ ϕ
− 2 (aI − Lµ)κ ◦ Lµ,κϕ− 2Lµ,2κϕ.
By arguments above, when 0 < a < δ,
|[(aI − Lµ)κ + Lµ,κ] ◦ [(aI − Lµ)κ + Lµ,κ] ◦ ϕ|0 ≤ ε
2 |ϕ|0 ,
and
−2 (aI − Lµ)κ ◦ Lµ,κϕ− 2Lµ,2κϕ → 0 uniformly as a→ 0+.
Therefore,
(aI − Lµ)2κ ϕ → Lµ,2κϕ uniformly as a→ 0+.

The following derivation is needed in next two lemmas. Given (1.8),
ψµ (ξ) = w (R)−1 ψµ˜R (Rξ) , ξ ∈ Rd,∀R ∈ R+.
Using the Le´vy-Khintchine formula, we obtain
p (t, z) = R−dpR
(
w (R)−1 t, R−1z
)
, z ∈ Rd,∀R ∈ R+,
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where p (t, z) , z ∈ Rd denotes the density function of Zµt if κ = 1 and that of
Z µ¯t if κ ∈ (0, 1) ∪ (1, 2), p
R (t, z) , z ∈ Rd denotes the density of ZRt := Z
µ˜R
t
if κ = 1 and Z
˜¯µR
t otherwise. Existence of p
R (t, z) is guaranteed by Lemma
18 in Appendix.
Lemma 7. Let κ ∈ (0, 2) , β ∈ (0,∞) and µ be the reference measure.
Assume ∫ ∞
1
tκ−1γ (t)−1 dt <∞.(3.1)
Then for any function ϕ ∈ C˜κ+β∞,∞
(
Rd
)
and any R > 0,
ϕ (x+ y)− ϕ (x) = C (κ)w (R)κ
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+Rz)
·
[
pR
(
t, z −R−1y
)
− pR (t, z)
]
dzdt,(3.2)
where pR (t, x) , x ∈ Rd follows the definition above. In particular,
|ϕ (x+ y)− ϕ (x)| ≤ Cw (|y|)κ |Lµ,κϕ|0 ,∀x, y ∈ R
d.(3.3)
Proof. We first assume ϕ ∈ C∞b
(
Rd
)
∩ C˜κ+β∞,∞
(
Rd
)
. By (2.4),
ϕ (x+ y)− ϕ (x)
= C
∫ ∞
0
tκ−1e−atE [(aI − Lµ)κ ϕ (x+ y + Zt)− (aI − L
µ)κ ϕ (x+ Zt)] dt
= C
∫ ∞
0
tκ−1e−at
∫
(aI − Lµ)κ ϕ (x+ z) [p (t, z − y)− p (t, z)] dzdt,
where Zt = Z
µ
t if κ = 1 and Zt = Z
µ¯
t otherwise, and p (t, x) denotes the
probability density function of Zt. Recall that Lemma 18 claims∫
|∇p (t, z)| dz < C ′γ (t)−1 .
Let a→ 0 under (3.1). By Lemma 6, for all κ ∈ (0, 2),
ϕ (x+ y)− ϕ (x)
= C (κ)
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+ z) [p (t, z − y)− p (t, z)] dzdt
= C (κ)w (R)κ
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+Rz)
[
pR
(
t, z −R−1y
)
− pR (t, z)
]
dzdt.
Now consider ϕ ∈ C˜κ+β∞,∞
(
Rd
)
. By [15, Proposition 5] and Lemma 4, there
is a sequence of functions vn ∈ C
∞
b
(
Rd
)
∩ C˜κ+β∞,∞
(
Rd
)
such that
lim
n→∞
|Lµ,κvn − L
µ,κϕ|0 = 0,∀κ ∈ [0, 2) .
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Moreover,
vn (x+ y)− vn (x) = C (κ)w (R)
κ
∫ ∞
0
tκ−1
∫
Lµ,κvn (x+Rz)
·
[
pR
(
t, z −R−1y
)
− pR (t, z)
]
dzdt.
Pass the limit on both sides. Then (3.2) holds for ϕ ∈ C˜κ+β∞,∞
(
Rd
)
. If y 6= 0,
by setting R = |y|, we obtain (3.3) immediately. 
Denote
∇αu (x; y) = u (x+ y)− u (x)− χα (y) y · ∇u (x) .
Lemma 8. Let κ ∈ (0, 2) , β ∈ (0,∞) and µ be the reference measure.
Assume
1α∈[1,2)
∫ 1
0
tκ−1γ (t)−1 dt < ∞,(3.4) ∫ ∞
1
1α∈(0,1)t
κ−1γ (t)−1 + 1α∈[1,2)t
κ−1γ (t)−2 dt < ∞.(3.5)
Then for all α ∈ (0, 1) ∪ (1, 2) and any function ϕ ∈ C˜κ+β∞,∞
(
Rd
)
,
∇αϕ (x; y) = C (κ)
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+ z)∇αp (t, z;−y) dzdt
= C (κ)w (R)κ
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+Rz)
∇αpR
(
t, z;−R−1y
)
dzdt,∀R > 0.(3.6)
Moreover,
|∇αϕ (x; y)| ≤ Cw (|y|)κ |Lµ,κϕ|0 ,∀x, y ∈ R
d.(3.7)
If α = 1, then (3.7) hold for |y| ≤ 1 and all ϕ ∈ C˜κ+β∞,∞
(
Rd
)
.
Proof. Let a > 0. Similarly as in Lemma 7, we first consider ϕ ∈ C∞b
(
Rd
)
∩
C˜κ+β∞,∞
(
Rd
)
. By (2.4),
∇αϕ (x; y) = C
∫ ∞
0
tκ−1e−at
∫
(aI − Lµ)κ ϕ (x+ z)∇αp (t, z;−y) dzdt,
where C =
(∫∞
0 t
κ−1e−tdt
)−1
. Let a → 0 under assumptions (3.4), (3.5).
Then for all κ ∈ (0, 2),
∇αϕ (x; y) = C
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+ z)∇αp (t, z;−y) dzdt
= Cw (R)κ
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+Rz)∇αpR
(
t, z;−R−1y
)
dzdt.
For general ϕ ∈ C˜κ+β∞,∞
(
Rd
)
. By [15, Proposition 5] and Lemma 4, there
is a sequence of functions vn ∈ C
∞
b
(
Rd
)
∩ C˜κ+β∞,∞
(
Rd
)
such that
lim
n→∞
|Lµ,κvn − L
µ,κϕ|0 = 0,∀κ ∈ [0, 2) ,
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and
∇αvn (x; y) = Cw (R)
κ
∫ ∞
0
tκ−1
∫
Lµ,κvn (x+Rz)∇
αpR
(
t, z;−R−1y
)
dzdt.
Passing the limit on both sides, we obtain (3.6) for all functions in C˜κ+β∞,∞
(
Rd
)
.
Setting R = |y| , y 6= 0, we have
∇αϕ (x; y) = C (κ)w (|y|)κ
∫ ∞
0
tκ−1
∫
Lµ,κϕ (x+ |y| z)
∇αp|y|
(
t, z;− |y|−1 y
)
dzdt.(3.8)
(3.7) then follows from (3.8), (3.4) and (3.5). 
Now we are ready to prove the stronger continuity of the operator. Choose
η (x) ∈ C∞0
(
Rd
)
such that 0 ≤ η (x) ≤ 1,∀x ∈ Rd, supp (η) ⊆ {x : |x| ≤ 2},
and η (x) ≡ 1 on B1 (0). ηm,z (x) := η (m (x− z)) ,m ≥ 1,
3.1. Operators with Space-Dependent Kernels. Let ν be a Le´vy mea-
sure satisfying A˜(w, l, γ). We now consider ρ (t, x, y) ν (dy), where ρ (t, x, y)
satisfies H(K,β). Obviously, ρ (t, x, y) ν (dy) is a Le´vy measure for each
fixed x ∈ Rd and t ∈ [0, T ]. Denote
Lt,zu (x)(3.9)
=
∫
[u (x+ y)− u (t, x)− χα (y) y · ∇u (x)] ρ (t, z, y) ν (dy) ,
〈u, ηm,z〉t,z(3.10)
=
∫
[u (x+ y)− u (x)] [ηm,z (x+ y)− ηm,z (x)] ρ (t, z, y) ν (dy) .
Lemma 9. Let ν be a Le´vy measure satisfying A˜(w, l, γ) and ρ be a bounded
measurable function. β ∈ (0, 1/α). u ∈ C˜1+β∞,∞
(
Rd
)
. Then there is β′ ∈
(0, β) such that
|Lt,zu|0 ≤ C sup
t,z,y
|ρ (t, z, y)| |u|1+β′,∞ ,
[Lt,zu]β ≤ C sup
t,z,y
|ρ (t, z, y)| |u|1+β,∞ .
where C does not depend on t, z or u.
Proof. Recall parameters introduced in A(w,l). Clearly,
|Lt,zu|0 ≤ sup
t,z,y
|ρ (t, z, y)|
(∫
|y|≤1
|∇αu (x; y)| ν (dy) +
∫
|y|>1
|∇αu (x; y)| ν (dy)
)
.
Choose κ ∈ (0, 1) sufficiently small so that limr→∞w (r)
κ /rα2 = 0.
According to [15, Lemma 1], such a κ must exist. Then by (3.3) and
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A˜(w, l, γ)(iii), for all α ∈ (0, 1],∫
|y|>1
|∇αu (x; y)| ν (dy) ≤ C |Lµ,κu|0
∫
|y|>1
w (|y|)κ ν (dy)
≤ C (d, κ, α) |Lµ,κu|0 ,∀x ∈ R
d.
If α ∈ (1, 2), then we use Lemma 5 and A(w,l).∫
|y|>1
|∇αu (x; y)| ν (dy) ≤ C (d, α)
(
|u|0 + |u|1,∞
)
,∀x ∈ Rd.
It follows from [15, Proposition 4] and Lemma 4 that for all α ∈ (0, 2) and
any β′ ∈ (0, β),∫
|y|>1
|∇αu (x; y)| ν (dy) ≤ C
(
d, κ, α, β′
)
|u|1+β′,∞ ,∀x ∈ R
d.
On the other hand, suggested by A˜(w, l, γ)(iii), we apply (3.7) by setting
β′ ∈ (0, δ) if α 6= 1 and β′ = δ if α = 1. Then∫
|y|≤1
|∇αu (x; y)| ν (dy)
≤ C
(
d, β′, α
) ∣∣∣Lµ,1+β′u∣∣∣
0
∫
|y|≤1
w (|y|)1+β
′
ν (dy) ,∀x ∈ Rd.
By Lemma 17 (c) and Lemma 4,∫
|y|≤1
|∇αu (x; y)| ν (dy) ≤ C
(
d, β′, α
)
|u|1+(β+β′)/2,∞ ,∀x ∈ R
d.
Now consider |Lzu (x1)− Lzu (x2)|. Set a = |x1 − x2|. Then,
|Lt,zu (x1)− Lt,zu (x2)|
≤ sup
t,z,y
|ρ (t, z, y)|
∫
|y|≤a
|∇α (u (x1; y)− u (x2; y))| ν (dy)
+ sup
t,z,y
|ρ (t, z, y)|
∫
|y|>a
|∇α (u (x1; y)− u (x2; y))| ν (dy) .
Denote ς (r) = ν (|y| > r) and take β′ ∈ (0, δ) if α 6= 1 and β′ = δ if α = 1.
Apply (3.8), [15, Proposition 1], Lemmas 4 and 17(a).∫
|y|≤a
|∇α (u (x1; y)− u (x2; y))| ν (dy)
≤ C sup
z
∣∣∣Lµ,1+β′u (x1 + z)− Lµ,1+β′u (x2 + z)∣∣∣ ∫
|y|≤a
w (|y|)1+β
′
ν (dy)
≤ −C
[
Lµ,1+β
′
u
]
β−β′
w (a)β−β
′
∫ a
0
ς (r)−1−β
′
dς (r)
≤ C |u|1+β,∞w (a)
β−β′ ς (r)−β
′
|a0 ≤ C |u|1+β,∞w (a)
β .
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Recall A˜(w, l, γ) and set κ = β + min (δ, ε) /2 if α 6= 1 and κ = β +
(δ′ + ε) /2 if α = 1. Apply (3.8), [15, Proposition 1] and Proposition 1.∫
|y|>a
|∇α (u (x1; y)− u (x2; y))| ν (dy)
≤ C sup
z
∣∣∣Lµ,1+β−κu (x1 + z)− Lµ,1+β−κu (x2 + z)∣∣∣ ∫
|y|>a
w (|y|)1+β−κ ν (dy)
≤ C |u|1+β,∞w (a)
κ
∫
|y|>a
w (|y|)1+β−κ ν (dy) .
Similarly as above,∫
|y|>a
|∇α (u (x1; y)− u (x2; y))| ν (dy)
≤ −C |u|1+β,∞w (a)
κ
∫ ∞
a
ς (r)−1−β+κ dς (r)
≤ −C |u|1+β,∞w (a)
κ ς (r)κ−β |∞a ≤ C |u|1+β,∞w (a)
β .
As a conclusion, [Lt,zu]β ≤ C supt,z,y |ρ (t, z, y)| |u|1+β,∞. 
Corollary 1. Let ν be a Le´vy measure satisfying A˜(w, l, γ) and ρ satisfy
H(K,β), β ∈ (0, 1/α). Then for any u ∈ C˜1+β∞,∞
(
Rd
)
,
|Au|β ≤ C
(
sup
t,z,y
|ρ (t, z, y)| |u|1+β,∞ + sup
t,y
|ρ (t, ·, y)|β |u|1+β′,∞
)
,
where β′ ∈ (0, β) and C does not depend on u.
Proof. Obviously, |Au|0 ≤ supt,z |Lt,zu|0 ≤ C supt,z,y |ρ (t, z, y)| |u|1+β′,∞ for
some β′ ∈ (0, β). Meanwhile,
|Lt,x+yu (x+ y)− Lt,xu (x)|
≤ |Lt,x+yu (x+ y)− Lt,xu (x+ y)|+ |Lt,xu (x+ y)− Lt,xu (x)|
≤ C sup
t,y
[ρ (t, ·, y)]β |u|1+β′,∞w (|y|)
β + C sup
t,z,y
|ρ (t, z, y)| |u|1+β,∞w (|y|)
β .
Namely, [Au]β ≤ C
(
supt,y[ρ (t, ·, y)]β |u|1+β′,∞ + supt,z,y |ρ (t, z, y)| |u|1+β,∞
)
.

Lemma 10. Let ν be a Le´vy measure satisfying A˜(w, l, γ) and ρ satisfy
H(K,β). β ∈ (0, 1/α). Then for any u ∈ C˜1+β∞,∞
(
Rd
)
and any ε ∈ (0, 1),
sup
t,z
|〈u, ηm,z〉t,z |β,∞ ≤ Cl (m)
1+β
(
ε |u|1+β,∞ + Cε |u|0
)
,(3.11)
where Cε depends on ε but is independent of u.
Proof. Direct computation shows that for κ ∈ (0, 1),
Lµ,κηm,z (x) = w
(
m−1
)−κ
Lµ˜m−1 ,κη (m (x− z)) .
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By A˜(w, l, γ), there is κ ∈ (1/2, 1) such that
∫∞
1 t
κ−1γ (t)−1 dt < ∞.
Apply (3.3) with such a κ.
|〈u, ηm,z〉t,z|0
≤ C
∫
|u (x+ y)− u (x)| |ηm,z (x+ y)− ηm,z (x)| ν (dy)
≤ Cw
(
m−1
)−κ
|Lµ,κu|0
∣∣Lµ˜m−1 ,κη∣∣
0
∫
|y|≤1
w (|y|)2κ ν (dy) + C |u|0 .
According to Lemmas 17, 4 and [15, Proposition 4],
|〈u, ηm,z〉t,z|0 ≤ Cw
(
m−1
)−κ
(|Lµ,κu|0 + |u|0)
≤ Cl (m)κ
(
ε |u|1+β,∞ + Cε |u|0
)
.
For the difference estimate, let us set a = |x1 − x2| and denote
|〈u, ηm,z〉t,z (x1)− 〈u, ηm,z〉t,z (x2)|
≤ |
∫
|y|≤1
[u (x1 + y)− u (x1)− u (x2 + y) + u (x2)]
· [ηm,z (x1 + y)− ηm,z (x1)] ρ (t, z, y) ν (dy) |
+ |
∫
|y|≤1
[u (x2 + y)− u (x2)] [ηm,z (x1 + y)− ηm,z (x1)
−ηm,z (x2 + y) + ηm,z (x2)]ρ (t, z, y) ν (dy) |
+ |
∫
|y|>1
{[u (x1 + y)− u (x1)] [ηm,z (x1 + y)− ηm,z (x1)]
− [u (x2 + y)− u (x2)] [ηm,z (x2 + y)− ηm,z (x2)]}ρ (t, z, y) ν (dy) |
:= I1 + I2 + I3.
Similarly, we use (3.3). Then for some κ ∈ (1/2, 1),
I1 ≤ Cw
(
m−1
)−κ
sup
z
|Lµ,κu (x1 + z)− L
µ,κu (x2 + z)|
∣∣Lµ˜m−1 ,κη∣∣
0
≤ Cw
(
m−1
)−κ
w (a)β |Lµ,κu|β,∞
≤ Cl (m)κw (a)β
(
ε |u|1+β,∞ + Cε |u|0
)
.
For the same κ,
I2 ≤ Cw
(
m−1
)−κ
sup
z
∣∣Lµ˜m−1 ,κη (m (x1 − z))− Lµ˜m−1 ,κη (m (x2 − z))∣∣ |Lµ,κu|0
≤ Cw
(
m−1
)−κ
l (m)β w (a)β |u|κ+β,∞
≤ Cl (m)1+β w (a)β
(
ε |u|1+β,∞ + Cε |u|0
)
.
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Besides,
I3 ≤ C
∫
|y|>1
| [u (x1 + y)− u (x1)] [ηm,z (x1 + y)− ηm,z (x1)
−ηm,z (x2 + y) + ηm,z (x2)]|ν (dy)
+C
∫
|y|>1
| [u (x1 + y)− u (x2 + y)− u (x1) + u (x2)]
[ηm,z (x2 + y)− ηm,z (x2)] |ν (dy)
:= I31 + I32,
where
I31 ≤ C |u|0
∫
|y|>1
|ηm,z (x1 + y)− ηm,z (x2 + y)− ηm,z (x1)
+ηm,z (x2) |ν (dy) ≤ C |u|0 l (m)
β w (a)β ,
and obviously,
I32 ≤ Cw (a)
β |u|β,∞ ≤ Cw (a)
β
(
ε |u|1+β,∞ + Cε |u|0
)
.
Summarizing, for any z ∈ Rd,
[〈u, ηm,z〉t,z]β ≤ Cl (m)
1+β
(
ε |u|1+β,∞ + Cε |u|0
)
.
It follows immediately from [15, Proposition 1] that
sup
t,z
|〈u, ηm,z〉t,z|β,∞
≤ C sup
t,z
|〈u, ηm,z〉t,z|β ≤ Cl (m)
1+β
(
ε |u|1+β,∞ + Cε |u|0
)
.

3.2. Operators with Space-Dependent Coefficients. In this section,
we study the operator
Gϕ (x) :=
∫
[ϕ (x+G (x) y)− ϕ (x)− χα (y)G (x) y · ∇ϕ (x)] ν (dy) .
We define the norm of an d× d-invertible matrix function G (x) , x ∈ Rd
to be its operator norm, i.e.,
|G (x)| := sup
y∈Rd,|y|=1
|G (x) y| ,
and
‖G‖ := sup
x∈Rd
|G (x)| .
If all entries of G are constants, then G is viewed as a constant function
and definitions above apply. Note ‖G‖ being finite implies finiteness of each
entry. If furthermore |detG (z)| ≥ c0 for some c0 > 0, then
∥∥G−1∥∥ is also
finite.
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Lemma 11. Let G be an invertible d×d-matrix and β > 0. f ∈ C˜β∞,∞
(
Rd
)
.
g (x) := f (Gx) , x ∈ Rd. Then,
|g|β,∞ ≤ C |f |β,∞(3.12)
for some C only depending on
∥∥G−1∥∥ and ‖G‖.
Proof. Consider the mapping T : Rd → Rd such that T (x) = Gx. Then
T−1 (x) = G−1x. Clearly, both T and T−1 are continuous and ‖T‖−1 =
‖G‖−1 ≤
∥∥T−1∥∥ = ∥∥G−1∥∥. For any j 6= 0,
|g ∗ ϕj |0 = sup
x
∣∣∣∣∫ f (Gy)ϕj (x− y) dy∣∣∣∣
= sup
x
1
|detG|
∣∣∣∣∫ f (y)ϕj (G−1x−G−1y) dy∣∣∣∣
=
∣∣F−1 [φj (Gξ)Ff ]∣∣0 .
Note φj (G·) is supported on {ξ : N
j−1 ≤ |Gξ| ≤ N j+1} ⊂ {ξ : N j−1 ‖G‖−1 ≤
|ξ| ≤ N j+1
∥∥G−1∥∥}. Denote
n (j) = min{i : N j+1
∥∥G−1∥∥ ≤ N i} ∨ 1,
m (j) = max{i : N i ≤ N j−1 ‖G‖−1} ∨ 0.
Then n (j) = n (1) + j − 1, m (j) = m (1) + j − 1, and that n (j)−m (j) ≤
n (1)−m (1) + 1 which is independent of j. Moreover,
φj (Gξ) = φj (Gξ)
n(j)∑
i=m(j)
φi (ξ) .
Therefore,
|g ∗ ϕj |0 =
∣∣∣∣∣∣F−1
φj (Gξ) n(j)∑
i=m(j)
φi (ξ)Ff
∣∣∣∣∣∣
0
≤ (n (1)−m (1) + 1) sup
j
|f ∗ ϕj |0
∣∣F−1 [φj (Gξ)]∣∣L1(Rd)
≤ Cw
(
N−j
)β
|f |β,∞ .
Similarly, if j = 0,
|g ∗ ϕ0|0 =
∣∣F−1 [ϕ̂0 (Gξ)Ff ]∣∣0 ,
and supp (ϕ̂0 (Gξ)) = {ξ : |Gξ| ≤ N} ⊂ {ξ : |ξ| ≤ N
∥∥G−1∥∥}. Denote
k = min{i : N
∥∥G−1∥∥ ≤ N i} ∨ 1. Then,
ϕ̂0 (Gξ) = ϕ̂0 (Gξ)
(
ϕ̂0 (ξ) +
k∑
i=1
φi (ξ)
)
.
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Therefore,
|g ∗ ϕj |0 =
∣∣∣∣∣F−1
[
ϕ̂0 (Gξ)
(
ϕ̂0 (ξ) +
k∑
i=1
φi (ξ)
)
Ff
]∣∣∣∣∣
0
≤ C sup
j
|f ∗ ϕj |0
∣∣F−1 [ϕ̂0 (Gξ)]∣∣L1(Rd)
≤ Cw
(
N−j
)β
|f |β,∞ .
Summarizing, |g|β,∞ ≤ C |f |β,∞. 
Proposition 2. Let ν be a Le´vy measure satisfying A(w,l) and G be an
invertible d× d-matrix. For any function f ∈ C2b
(
Rd
)
,
Lf (x) :=
∫
[f (x+Gy)− f (x)− χα (y)Gy · ∇f (x)] ν (dy) .
Then for β ∈ (0, 1/α), there exists C depending on
∥∥G−1∥∥ and ‖G‖ such
that
|Lf |β,∞ ≤ C |f |1+β,∞ .
Proof. If g (x) := f (Gx). Then Lf (Gx) = Lνg (x). By previous continuity
and equivalence results and Lemma 11,
|Lf |β,∞ ≤ C |Lf (G·)|β,∞ = |L
νg|β,∞ ≤ C |g|1+β,∞ ≤ C |f |1+β,∞ .

Let us denote
∇α,zu (x; y) = u (x+G (z) y)− u (x)− χα (y)G (z) y · ∇u (x) ,
Lzu (x) =
∫
∇α,zu (x; y) ν (dy) ,(3.13)
G¯z,z′ :=
∥∥G (z)−G (z′)∥∥ ,
and
g
(
z, z′
)
=

w
(
G¯−1z,z′
)−1
if α ∈ (0, 1) ,
w
(
G¯−1z,z′
)−1
w
(
G¯z,z′
)−δ′
∨ G¯z,z′ if α = 1,
G¯z,z′ if α ∈ (1, 2) .
Lemma 12. Let β ∈ (0, 1/α), ν be a Le´vy measure satisfying A˜(w, l, γ),
and G (z) ,∀z ∈ Rd satisfy G(c0,K, β). If u ∈ C˜
1+β
(
Rd
)
, then,
|Lzu− Lz′u|0 ≤ Cg
(
z, z′
)
|u|1+β′,∞ ,
[Lzu− Lz′u]β ≤ C
(
G¯z,z′
)σ
|u|1+β,∞
for some β′ ∈ (0, β) , σ ∈ (0, 1). C is independent z, z′ and u.
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Proof. Write for simplicity G = G (z), G′ = G (z′) and G¯ = G¯z,z′ . Use (3.6).
∇α,zu (x; y)−∇α,z
′
u (x; y)
= Cw (R)κ
∫ ∞
0
tκ−1
∫
Lµ,κu (x+Rϑ)
·
[
∇α,zpR
(
t, ϑ;−R−1Gy
)
−∇α,z
′
pR
(
t, ϑ;−R−1G′y
)]
dϑdt
:= D (κ,R)
with κ and R to be determined according to our needs. If α ∈ (0, 1), by
A˜(w, l, γ), we may split the integral as follows.
|Lzu (x)− Lz′u (x)|
≤
∫
G¯|y|≤1
∣∣D (κ, G¯ |y|)∣∣ ν (dy) + ∫
G¯|y|>1
∣∣u (x+Gy)− u (x+G′y)∣∣ ν (dy)
:= I1 + I2
for some κ ∈ (1, 1 + δ). By Lemmas 17 and 18 in Appendix,
I1 ≤ C |L
µ,κu|0
∫
G¯|y|≤1
∫ ∞
0
tκ−1
(
1 ∧ γ (t)−1 G¯−1 |y|−1
∣∣Gy −G′y∣∣) dt
w
(
G¯ |y|
)κ
ν (dy)
≤ Cw
(
G¯−1
)−1
|Lµ,κu|0
∫
|y|≤1
w (|y|)κ ν˜G¯−1 (dy)
≤ Cw
(
G¯−1
)−1
|Lµ,κu|0 .
Besides,
I2 ≤ Cw
(
G¯−1
)−1 ∫
|y|>1
|u|0 ν˜G¯−1 (dy) ≤ Cw
(
G¯−1
)−1
|u|0 .
Therefore when α ∈ (0, 1), there exists β′ ∈ (0, β) such that
|Lzu− Lz′u|0 ≤ Cw
(
G¯−1
)−1
|u|1+β′,∞ .(3.14)
If α = 1, we write instead
|Lzu (x)− Lz′u (x)|
≤
∫
|y|≤1
|D (1 + δ, |y|)| ν (dy) +
∫
G¯|y|≤1,|y|>1
∣∣u (x+Gy)− u (x+G′y)∣∣ ν (dy)
+
∫
G¯|y|>1,|y|>1
∣∣u (x+Gy)− u (x+G′y)∣∣ ν (dy) := I3 + I4 + I5,
where
I3 ≤ C
∣∣∣Lµ,1+δu∣∣∣
0
∫
|y|≤1
w (|y|)1+δ
∫ ∞
0
tκ−1G¯
(
γ (t)−1 ∧ γ (t)−2
)
dtν (dy)
≤ CG¯
∣∣∣Lµ,1+δu∣∣∣
0
.
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Meanwhile, similarly as I1, I2, we have
w
(
G¯−1
)
(I4 + I5)
≤ C
(∣∣∣Lµ,1−δ′u∣∣∣
0
∫
|y|≤1,|y|>G¯
w (|y|)1−δ
′
ν˜G¯−1 (dy) +
∫
|y|>1
|u|0 ν˜G¯−1 (dy)
)
≤ C
(
1
δ′
∣∣∣Lµ,1−δ′u∣∣∣
0
+
1
δ′
∣∣∣Lµ,1−δ′u∣∣∣
0
w
(
G¯
)−δ′
+ |u|0
)
.
Thus for α = 1, there is β′ ∈ (0, β) so that
|Lzu− Lz′u|0 ≤
C
δ′
(
G¯ ∨ w
(
G¯−1
)−1
w
(
G¯
)−δ′)
|u|1+β′,∞ .(3.15)
Next, we discuss the case α ∈ (1, 2). Split the integral as
|Lzu (x)− Lz′u (x)|
≤
∫
|y|≤1
|D (κ, |y|)| ν (dy) +
∫
|y|>1
∣∣∣∇α,zu (x; y)−∇α,z′u (x; y)∣∣∣ ν (dy)
:= I6 + I7.
Then as how we estimated I3, we have I6 ≤ CG¯ |L
µ,κu|0 for some κ ∈
(1, 1 + δ). Clearly, I7 ≤ CG¯ |∇u|0. Thus for α ∈ (1, 2), there is β
′ ∈ (0, β)
so that
|Lzu− Lz′u|0 ≤ CG¯ |u|1+β′,∞ .(3.16)
We now estimate the difference. Without loss of generality, we set |x1 − x2| =
a ∈ (0, 1). By Lemma 8,
∇α,zu (x1; y)−∇
α,z′u (x1; y)−∇
α,zu (x2; y) +∇
α,z′u (x2; y)
= Cw (R)κ
∫ ∞
0
tκ−1
∫
[Lµ,κu (x1 +Rϑ)− L
µ,κu (x2 +Rϑ)]
·
[
∇α,zpR
(
t, ϑ;−R−1y
)
−∇α,z
′
pR
(
t, ϑ;−R−1y
)]
dϑdt
:= D˜ (κ,R)
with κ and R to be determined. Then,
|Lzu (x1)− Lz′u (x1)− Lzu (x2) + Lz′u (x2)|
≤
∫
|y|≤a
∣∣∣D˜ (κ, |y|)∣∣∣ ν (dy) + ∫
|y|>a
∣∣∣D˜ (κ′, |y|)∣∣∣ ν (dy)
:= I8 + I9.
Denote ς (r) = ν (|y| > r). By Lemma 18 and [15, Lemma 1], for all α ∈
(0, 2), there is β′ ∈ (0, β) and σ ∈ (0, 1) such that
I8 ≤ −C
[
Lµ,1+β
′
u
]
β−β′
G¯σw (a)β−β
′
∫ a
0
ς (r)−1−β
′
dς (r)
≤ C |u|1+β,∞ G¯
σw (a)β−β
′
ς (r)−β
′
|a0 ≤ C |u|1+β,∞ G¯
σw (a)β .
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Recall A˜(w, l, γ). Using the symmetry assumption for α = 1 and non-
degeneracy of G, we can set κ = β + min (δ, ε) /2 if α 6= 1 and κ = β +
(δ′ + ε) /2 if α = 1, there is β′ ∈ (0, β) and σ ∈ (0, 1) such that
I9 ≤ C
[
Lµ,1+β−κu
]
κ
G¯σw (a)κ
∫
|y|>a
w (|y|)1+β−κ ν (dy)
≤ −C |u|1+β,∞ G¯
σw (a)κ
∫ ∞
a
ς (r)−1−β+κ dς (r)
≤ C |u|1+β,∞ G¯
σw (a)κ ς (a)κ−β ≤ C |u|1+β,∞ G¯
σw (a)β .
This ends the proof. 
Corollary 2. Let β ∈ (0, 1/α), ν be a Le´vy measure satisfying A˜(w, l, γ),
and G (z) ,∀z ∈ Rd satisfy G(c0,K, β). If u ∈ C˜
1+β
(
Rd
)
, then,
|Gu− Lzu|β ≤ C
((
G¯x,z
)σ
|u|1+β,∞ + |u|1+β′,∞
)
for some β′ ∈ (0, β). C is independent of x, z and u.
Proof. First by Lemma 12, |Gu− Lzu|0 ≤ supz,z′ |Lz′u− Lzu|0 ≤ C |u|1+β′,∞
for some β′ ∈ (0, β). In the meantime,
|Lx+yu (x+ y)− Lzu (x+ y)− Lxu (x) + Lzu (x)|
≤ |Lxu (x+ y)− Lzu (x+ y)− Lxu (x) + Lzu (x)|
+ |Lx+yu (x+ y)− Lxu (x+ y)|
≤ C
(
G¯x,z
)σ
|u|1+β,∞w (|y|)
β + C |u|1+β′,∞w (|y|)
β .
Namely, [Gu− Lzu]β ≤ C
((
G¯x,z
)σ
|u|1+β,∞ + |u|1+β′,∞
)
. 
For ηm,z introduced in previous section, we denote
〈u, ηm,z〉z(3.17)
=
∫
[u (x+G (z) y)− u (x)] [ηm,z (x+G (z) y)− ηm,z (x)] ν (dy) .
Lemma 13. Let ν be a Le´vy measure satisfying A˜(w, l, γ) and ‖G (z)‖ ≤
K,∀z ∈ Rd for some K > 0. β ∈ (0, 1/α). Then for any u ∈ C˜1+β∞,∞
(
Rd
)
and any ε ∈ (0, 1),
sup
z
|〈u, ηm,z〉z|β,∞ ≤ Cl (m)
1+β
(
ε |u|1+β,∞ +Cε |u|0
)
,(3.18)
where Cε depends on ε but is independent of u.
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Proof. We proceed in the same manner as in Lemma 10. First, since ‖G (z)‖
is uniformly bounded, there is κ ∈ (1/2, 1) such that
|〈u, ηm,z〉z|0
≤ C
∫
|u (x+G (z) y)− u (x)| |ηm,z (x+G (z) y)− ηm,z (x)| ν (dy)
≤ Cw
(
m−1
)−κ
|Lµ,κu|0
∣∣Lµ˜m−1 ,κη∣∣
0
∫
|y|≤1
w (|y|)2κ ν (dy) + C |u|0
≤ Cl (m)κ
(
ε |u|1+β,∞ + Cε |u|0
)
.
For the difference, again, let us set a = |x1 − x2| ∈ (0, 1) and estimate
|〈u, ηm,z〉z (x1)− 〈u, ηm,z〉z (x2)|
≤ |
∫
|y|≤1
[u (x1 +G (z) y)− u (x1)− u (x2 +G (z) y) + u (x2)]
· [ηm,z (x1 +G (z) y)− ηm,z (x1)] ν (dy) |
+ |
∫
|y|≤1
[u (x2 +G (z) y)− u (x2)] [ηm,z (x1 +G (z) y)− ηm,z (x1)
−ηm,z (x2 +G (z) y) + ηm,z (x2)]ν (dy) |
+ |
∫
|y|>1
[u (x2 +G (z) y)− u (x2)] [ηm,z (x1 +G (z) y)− ηm,z (x1)
−ηm,z (x2 +G (z) y) + ηm,z (x2)]ν (dy) |
+ |
∫
|y|>1
[u (x1 +G (z) y)− u (x1)− u (x2 +G (z) y) + u (x2)]
· [ηm,z (x1 +G (z) y)− ηm,z (x1)] ν (dy) |
:= I1 + I2 + I3 + I4.
Then (3.3) implies that
I1, I2 ≤ Cl (m)
1+β w (a)β
(
ε |u|1+β,∞ + Cε |u|0
)
,
where C depends on K. Meanwhile,
I3 ≤ C |u|0
∫
|y|>1
|ηm,z (x1 +G (z) y)− ηm,z (x2 +G (z) y)− ηm,z (x1)
+ηm,z (x2) |ν (dy) ≤ C |u|0 l (m)
β w (a)β ,
and obviously,
I4 ≤ Cw (a)
β |u|β,∞ ≤ Cw (a)
β
(
ε |u|1+β,∞ + Cε |u|0
)
.
Summarizing,
sup
z
[〈u, ηm,z〉z]β ≤ Cl (m)
1+β
(
ε |u|1+β,∞ + Cε |u|0
)
,
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and thus,
sup
z
|〈u, ηm,z〉z|β,∞ ≤ Cl (m)
1+β
(
ε |u|1+β,∞ + Cε |u|0
)
.

3.3. Lower Order Operators. For any function u ∈ C2b (HT ), denote
Qt,z,z′u (t, x)
:= 1α∈(1,2)b (t, z) · ∇u (t, x) + p (t, z) u (t, x) +
∫
Rd
0
[u
(
t, x+ q
(
t, z′, y
))
−u (t, x)−∇u (t, x) · q
(
t, z′, y
)
1α∈(1,2)1|y|≤1]̺ (t, z, y) ν2 (dy)
:= 1α∈(1,2)b (t, z) · ∇u (t, x) + p (t, z) u (t, x) + Q˜t,z,z′u (t, x) .
Lemma 14. Let B(K,β) hold. β ∈ (0, 1/α). Then for any u ∈ C˜1+β∞,∞ (HT )
and any ε ∈ (0, 1), there exists β′ ∈ (0, β),
sup
t,z,z′
∣∣∣Q˜t,z,z′u (t, ·)∣∣∣
0
≤ C sup
t,z,y
|ρ (t, z, y)| |u|1+β′,∞ ,(3.19)
sup
t,z,z′
[
Q˜t,z,z′u (t, ·)
]
β
≤ sup
t,z,y
|ρ (t, z, y)|
(
ε |u|1+β,∞ + Cε |u|0
)
,(3.20)
where C,Cε are independent of u.
Proof. We split the integral.∣∣∣Q˜t,z,z′u (t, x)∣∣∣
0
≤ C sup
t,z,y
|ρ (t, z, y)|
∫
|y|≤1
1α∈(1,2)
∣∣∇αu (t, x; q (t, z′, y))∣∣ ν2 (dy)
+ C sup
t,z,y
|ρ (t, z, y)|
∫
Rd
0
1α∈(0,1]
∣∣u (t, x+ q (t, z′, y))− u (t, x)∣∣ ν2 (dy)
+ C sup
t,z,y
|ρ (t, z, y)|
∫
|y|>1
1α∈(1,2)
∣∣u (t, x+ q (t, z′, y))− u (t, x)∣∣ ν2 (dy)
:= C sup
t,z,y
|ρ (t, z, y)| (I1 + I2 + I3) .
Use assumptions A˜(w, l, γ) and B(K,β). By Lemma 8,
I1 ≤ C |L
µu|0
∫
|y|≤1
w
(∣∣q (t, z′, y)∣∣) ν2 (dy) ≤ C |Lµu|0 .
Take β′ ∈ (0, δ). Then by Lemma 7,
I2 ≤ C1α∈(0,1)
∫
Rd
0
(∣∣∣Lµ,1+β′u∣∣∣
0
w
(∣∣q (t, z′, y)∣∣)1+β′ ∧ |u|0) ν2 (dy)
+C1α=1
∫
Rd
0
(
|∇u|0
∣∣q (t, z′, y)∣∣ ∧ |u|0) ν2 (dy)
≤ C
(
1α∈(0,1)
∣∣∣Lµ,1+β′u∣∣∣
0
+ 1α=1 |∇u|0 + |u|0
)
.
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Clearly, I3 ≤ C (|∇u|0 + |u|0). Summarizing, there exists β
′ ∈ (0, β) so that
sup
t,z,z′
∣∣∣Q˜t,z,z′u (t, x)∣∣∣
0
≤ C sup
t,z,y
|ρ (t, z, y)| |u|1+β′,∞ .
Meanwhile,
sup
t,z,y
|ρ (t, z, y)|−1
∣∣∣Q˜t,z,z′u (t, x1)− Q˜t,z,z′u (t, x2)∣∣∣
≤ C
∫
|y|≤1
1α∈(1,2)
∣∣∇αu (t, x1; q (t, z′, y))−∇αu (t, x2; q (t, z′, y))∣∣ ν2 (dy)
+ C
∫
|y|>1
1α∈(1,2)|u
(
t, x1 + q
(
t, z′, y
))
− u (t, x1)− u
(
t, x2 + q
(
t, z′, y
))
+u (t, x2) |ν2 (dy)
+ C
∫
Rd
0
1α∈(0,1]|u
(
t, x1 + q
(
t, z′, y
))
− u (t, x1)− u
(
t, x2 + q
(
t, z′, y
))
+u (t, x2) |ν2 (dy)
:= C (I4 + I5 + I6) .
Set |x1 − x2| = a. Then for any ǫ ∈ (0, 1),
I4 =
∫
|q(t,z′,y)|≤ǫ,|y|≤1
∣∣∇αu (t, x1; q (t, z′, y))−∇αu (t, x2; q (t, z′, y))∣∣ ν2 (dy)
+
∫
|q(t,z′,y)|>ǫ,|y|≤1
∣∣∇αu (t, x1; q (t, z′, y))−∇αu (t, x2; q (t, z′, y))∣∣ ν2 (dy)
:= I41 + I42.
By B(K,β), for any ε ∈ (0, 1), there exists ǫ ∈ (0, 1) such that
I41 = w (a)
β [Lµu (t, ·)]β
∫
|q(t,z′,y)|≤ǫ,|y|≤1
w
(∣∣q (t, z′, y)∣∣) ν2 (dy)
≤ Cw (a)β |u (t, ·)|1+β,∞
∫
|q(t,z′,y)|≤ǫ
w
(∣∣q (t, z′, y)∣∣) ν2 (dy)
≤
ε
5
w (a)β |u (t, ·)|1+β,∞ .
There also exists κ ∈ (0, 1) so that
I42 = w (a)
β [Lµ,κu (t, ·)]β
∫
|q(t,z′,y)|>ǫ,|y|≤1
w
(∣∣q (t, z′, y)∣∣)κ ν2 (dy)
≤ Cl
(
ǫ−1
)1−κ
w (a)β |u (t, ·)|κ+β,∞
∫
|y|≤1
w
(∣∣q (t, z′, y)∣∣) ν2 (dy)
≤ Cl
(
ǫ−1
)1−κ
w (a)β |u (t, ·)|κ+β,∞ .
Applying [15, Proposition 4], we can always attain
I42 ≤ w (a)
β
(ε
5
|u|1+β,∞ + Cε |u|0
)
,
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which concludes I4 ≤ w (a)
β
(
2ε
5 |u|1+β,∞ + Cε |u|0
)
.
In the mean time, by B(K,β), Lemma 5 and [15, Proposition 4],
I5 ≤ 1α∈(1,2)w (a)
β
∫
|y|>1
[∇u (t, ·)]β
∣∣q (t, z′, y)∣∣ ∧ [u (t, ·)]β ν2 (dy)
≤ C1α∈(1,2)w (a)
β
(ε
5
|u|1+β,∞ + Cε |u|0
)
.
Besides, for any ǫ ∈ (0, 1),
I6 ≤
∫
|q(t,z′,y)|≤ǫ
1α∈(0,1]|u
(
t, x1 + q
(
t, z′, y
))
− u (t, x1)
−u
(
t, x2 + q
(
t, z′, y
))
+ u (t, x2) |ν2 (dy)
+
∫
|q(t,z′,y)|>ǫ
1α∈(0,1]|u
(
t, x1 + q
(
t, z′, y
))
− u (t, x1)
−u
(
t, x2 + q
(
t, z′, y
))
+ u (t, x2) |ν2 (dy)
:= I61 + I62.
We first discuss the case α ∈ (0, 1). Applying Lemma 7, we have
I61 ≤ C [L
µu (t, ·)]β w (a)
β
∫
|q(t,z′,y)|≤ǫ
1α∈(0,1]w
(∣∣q (t, z′, y)∣∣) ν2 (dy)
≤ Cw (a)β |u (t, ·)|1+β,∞
∫
|q(t,z′,y)|≤ǫ
1α∈(0,1]w
(∣∣q (t, z′, y)∣∣) ν2 (dy) .
On the other hand,
I62 ≤ Cw (a)
β
∫
|q(t,z′,y)|>ǫ
[
Lµ,
1
2u (t, ·)
]
β
w
(∣∣q (t, z′, y)∣∣) 12 ∧ [u]β ν2 (dy)
≤ Cw (a)β l
(
ǫ−1
) 1
2 |u (t, ·)| 1
2
+β,∞
∫
|q(t,z′,y)|>ǫ
(
w
(∣∣q (t, z′, y)∣∣) ∧ 1) ν2 (dy) .
As what we did for I4, by choosing an appropriate ǫ, we have
I6 ≤ w (a)
β
(ε
5
|u|1+β,∞ + Cε |u|0
)
,
If α = 1, then
I61 ≤ C [∇u (t, ·)]β′ w (a)
β′
∫
|q(t,z′,y)|≤ǫ
∣∣q (t, z′, y)∣∣ ν2 (dy)
≤ Cw (a)β
′
|u (t, ·)|1+β,∞
∫
|q(t,z′,y)|≤ǫ
∣∣q (t, z′, y)∣∣ ν2 (dy)
for all β′ ∈ (0, β). Examining the proof of Lemma 5, we find that this
constant C is uniformly bounded under A˜(w, l, γ)(ii) for all β′ ∈ (0, β).
Thus,
I61 ≤ Cw (a)
β |u (t, ·)|1+β,∞
∫
|q(t,z′,y)|≤ǫ
∣∣q (t, z′, y)∣∣ ν2 (dy) .
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Estimate I62 in the same way as above. By choosing an appropriate ǫ, we
arrive at
I6 ≤ w (a)
β
(ε
5
|u|1+β,∞ + Cε |u|0
)
.
As a summary, for all α ∈ (0, 2) and any ε ∈ (0, 1), there exists Cε that
is independent of u so that
sup
t,z,z′
[
Q˜t,z,z′u (t, ·)
]
β
≤ sup
t,z,y
|̺ (t, z, y)|
(
ε |u|1+β,∞ + Cε |u|0
)
.

Lemma 15. Let B(K,β) hold. β ∈ (0, 1/α). Then for any u ∈ C˜1+β∞,∞ (HT )
and any ε ∈ (0, 1), there exists Cε independent of u such that
|Qu (t, ·)|β,∞ ≤ ε |u (t, ·)|1+β,∞ + Cε |u (t, ·)|0 .(3.21)
Proof. Note that Qu (t, x) = Qt,x,xu (t, x). By Lemmas 14 and 5
|Qu (t, ·)|0 ≤ C |u (t, ·)|1+β′,∞
for some β′ ∈ (0, β). Meanwhile, for any x, h ∈ Rd,
|Qt,x+h,x+hu (t, x+ h)−Qt,x,xu (t, x)|
≤ 1α∈(1,2) |b (t, x+ h)∇u (t, x+ h)− b (t, x)∇u (t, x)|
+ |p (t, x+ h) u (t, x+ h)− p (t, x) u (t, x)|
+
∣∣∣Q˜t,x+h,x+hu (t, x+ h)− Q˜t,x,xu (t, x)∣∣∣ .
Obviously,
1α∈(1,2) |b (t, x+ h)∇u (t, x+ h)− b (t, x)∇u (t, x)|
+ |p (t, x+ h) u (t, x+ h)− p (t, x) u (t, x)|
≤ Cw (|h|)β
(
|u (t, ·)|β + 1α∈(1,2) |∇u (t, ·)|β
)
.
In the mean time, ∣∣∣Q˜t,x+h,x+hu (t, x+ h)− Q˜t,x,xu (t, x)∣∣∣
≤
∣∣∣Q˜t,x+h,x+hu (t, x+ h)− Q˜t,x,x+hu (t, x+ h)∣∣∣
+
∣∣∣Q˜t,x,x+hu (t, x+ h)− Q˜t,x,xu (t, x+ h)∣∣∣
+
∣∣∣Q˜t,x,xu (t, x+ h)− Q˜t,x,xu (t, x)∣∣∣ .
By Lemma 14, ∣∣∣Q˜t,x+h,x+hu (t, x+ h)− Q˜t,x,x+hu (t, x+ h)∣∣∣
≤ C sup
t,y
[̺ (t, ·, y)]β w (|h|)
β |u|1+β′,∞
30 FANHUI XU
for some β′ ∈ (0, β), and∣∣∣Q˜t,x,xu (t, x+ h)− Q˜t,x,xu (t, x)∣∣∣
≤ C sup
t,z,y
|̺ (t, z, y)|w (|h|)β
(
ε |u|1+β,∞ + Cε |u|0
)
.
Besides,∣∣∣Q˜t,x,x+hu (t, x+ h)− Q˜t,x,xu (t, x+ h)∣∣∣
≤ C
∫
|y|≤1
1α∈(1,2) |∇
αu (t, x+ h; q (t, x+ h, y))−∇αu (t, x+ h; q (t, x, y))| ν2 (dy)
+ C
∫
|y|>1
1α∈(1,2) |u (t, x+ h+ q (t, x+ h, y))− u (t, x+ h+ q (t, x, y))| ν2 (dy)
+ C
∫
Rd
0
1α∈(0,1] |u (t, x+ h+ q (t, x+ h, y))− u (t, x+ h+ q (t, x, y))| ν2 (dy)
:= C (I1 + I2 + I3) .
Similarly as what we did in Lemma 14,
I1 ≤ C
∫
|y|≤1
∫ 1
0
|∇u (t, x+ h+ θq (t, x+ h, y))−∇u (t, x+ h)| dθ
|q (t, x+ h, y)− q (t, x, y)| ν2 (dy)
+ C
∫
|y|≤1
∫ 1
0
|∇u (t, x+ h+ θq (t, x+ h, y))
−∇u (t, x+ h+ θq (t, x, y)) |dθ |q (t, x, y)| ν2 (dy)
≤ C [∇u (t, ·)]β
∫
|y|≤1
w (|q (t, x+ h, y)|)β |q (t, x+ h, y)− q (t, x, y)| ν2 (dy)
+ C [∇u (t, ·)]β
∫
|y|≤1
w (|q (t, x+ h, y)− q (t, x, y)|)β |q (t, x, y)| ν2 (dy)
≤ C |u (t, ·)|κ+β,∞w (|h|)
β
for some κ ∈ (0, 1).
I2 ≤ C
∫
|y|>1
|∇u (t, ·)|0
∣∣q (t, z′ + h, y)− q (t, z′, y)∣∣ ∧ |u|0 ν2 (dy)
≤ C |u (t, ·)|1+β′,∞w (|h|)
β
for some β′ ∈ (0, β). And
I3 ≤ C
∫
Rd
0
1α∈(0,1)
(
|Lµu (t, ·)|0 w
(∣∣q (t, z′ + h, y) − q (t, z′, y)∣∣) ∧ |u|0) ν2 (dy)
+C
∫
Rd
0
1α=1
(
|∇u (t, ·)|0
∣∣q (t, z′ + h, y)− q (t, z′, y)∣∣ ∧ |u|0) ν2 (dy)
≤ C1α∈(0,1] |u (t, ·)|1+β′,∞w (|h|)
β
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for some β′ ∈ (0, β).
Summarizing, we obtain (3.21). 
4. Proof of the Main Result
4.1. Auxiliary Results. In this section, we state or prove well-posedness
for integro-differential equations with space-independent operators.
Theorem 4.1. [15, Theorem 1.1] Let β ∈ (0,∞) , λ ≥ 0 and ν be a Le´vy
measure satisfying A(w,l). If f (t, x) ∈ C˜β∞,∞ (HT ). Then there is a unique
solution u ∈ (t, x) ∈ C˜1+β∞,∞ (HT ) to
∂tu (t, x) = Lu (t, x)− λu (t, x) + f (t, x) , λ ≥ 0,(4.1)
u (0, x) = 0, (t, x) ∈ HT ,
where for any function ϕ ∈ C2b
(
Rd
)
,
Lϕ (x) :=
∫
[ϕ (x+ y)− ϕ (x)− χα (y) y · ∇ϕ (x)] ν (dy) .(4.2)
Moreover, there exists a constant C depending on κ, β, d, T, µ, ν such that
|u|β,∞ ≤ C
(
λ−1 ∧ T
)
|f |β,∞ ,(4.3)
|u|1+β,∞ ≤ C |f |β,∞(4.4)
And there is a constant C depending on κ, β, d, T, µ, ν such that for all 0 ≤
s < t ≤ T , κ ∈ [0, 1],
(4.5) |u (t, ·)− u (s, ·)|κ+β,∞ ≤ C |t− s|
1−κ |f |β,∞ .
Theorem 4.2. Let ν be a Le´vy measure, α ∈ (0, 2) , β ∈ (0, 1) , λ ≥ 0. G is
an invertible d × d-matrix. Assume that f (t, x) ∈ C˜β∞,∞ (HT ). Then there
is a unique solution u ∈ (t, x) ∈ C˜1+β∞,∞ (HT ) to
∂tu (t, x) = Lu (t, x)− λu (t, x) + f (t, x) , λ ≥ 0,(4.6)
u (0, x) = 0, (t, x) ∈ HT ,
where for any function ϕ ∈ C2b
(
Rd
)
,
Lϕ (x) :=
∫
[ϕ (x+Gy)− ϕ (x)− χα (y)Gy · ∇ϕ (x)] ν (dy) .
Moreover, there exists a constant C depending on κ, β, d, T, µ, ν,
∥∥G−1∥∥ , ‖G‖
such that
|u|β,∞ ≤ C
(
λ−1 ∧ T
)
|f |β,∞ ,(4.7)
|u|1+β,∞ ≤ C |f |β,∞(4.8)
And there is a constant C depending on κ, β, d, T, µ, ν,
∥∥G−1∥∥ , ‖G‖ such that
for all 0 ≤ s < t ≤ T , κ ∈ [0, 1],
(4.9) |u (t, ·)− u (s, ·)|κ+β,∞ ≤ C |t− s|
1−κ |f |β,∞ .
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Proof. We first assume f (t, x) ∈ C∞b (HT ) ∩ C˜
β
∞,∞ (HT ).
Existence. Denote F (r, Zνr ) = e
−λ(r−s)f (s, x+GZνr −GZ
ν
s ) , s ≤ r ≤
t, and apply the Itoˆ formula to F (r, Zνr ) on [s, t].
e−λ(t−s)f (s, x+GZνt −GZ
ν
s )− f (s, x)
= −λ
∫ t
s
F (r, Zνr ) dr +
∫ t
s
∫
χα (y) y · ∇F
(
r, Zνr−
)
J˜ (dr, dy)
+
∫ t
s
∫ [
F
(
r, Zνr− + y
)
− F
(
r, Zνr−
)
− χα (y) y · ∇F
(
r, Zνr−
)]
J (dr, dy) .
Take expectation for both sides.
e−λ(t−s)Ef (s, x+GZνt −GZ
ν
s )− f (s, x)
= −λ
∫ t
s
e−λ(r−s)Ef (s, x+GZνr −GZ
ν
s ) dr
+
∫ t
s
Le−λ(r−s)Ef
(
s, x+GZνr− −GZ
ν
s
)
dr.
Integrate both sides over [0, t] with respect to s and obtain∫ t
0
e−λ(t−s)Ef (s, x+GZνt −GZ
ν
s ) ds−
∫ t
0
f (s, x) ds
= −λ
∫ t
0
∫ r
0
e−λ(r−s)Ef (s, x+GZνr −GZ
π
s ) dsdr
+
∫ t
0
L
∫ r
0
e−λ(r−s)Ef
(
s, x+GZνr− −GZ
ν
s
)
dsdr,
which shows u (t, x) =
∫ t
0 e
−λ(t−s)Ef
(
s, x+GZνt−s
)
ds solves (4.6) in the in-
tegral sense. As a result of the dominated convergence theorem and Fubini’s
theorem, u ∈ C∞b (HT ). And by the equation, u is continuously differen-
tiable in t.
Uniqueness. Suppose there are two solutions u1, u2 solving the equation,
then u := u1 − u2 solves
∂tu (t, x) = Lu (t, x)− λu (t, x) ,(4.10)
u (0, x) = 0.
Apply the Itoˆ formula to v (t− s, Zνs ) := e
−λsu (t− s, x+GZνs ), 0 ≤ s ≤
t, over [0, t] and take expectation for both sides of the resulting identity,
then
u (t, x) = −E
∫ t
0
e−λs
[
(−∂tu− λu+ Lu) ◦
(
t− s, x+GZνs−
)]
ds = 0.
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Estimates for Smooth Inputs. Denote g (t, x) = f (t,Gx) , x ∈ Rd.
Then by Lemma 11, for any β ∈ (0, 1),
|u (t, ·)|β,∞ ≤
∣∣∣∣∫ t
0
e−λ(t−s)Ef
(
s,G ·+GZνt−s
)
ds
∣∣∣∣
β,∞
=
∣∣∣∣∫ t
0
e−λ(t−s)Eg
(
s, ·+ Zνt−s
)
ds
∣∣∣∣
β,∞
≤ C
(
λ−1 ∧ T
)
|g (t, ·)|β,∞
≤ C
(
λ−1 ∧ T
)
|f (t, ·)|β,∞ .
Similarly, we can prove (4.8), (4.9).
Estimates for Ho¨lder Inputs. This part of proof is identical to
section 5 of [15]. 
4.2. Proof of Theorem 1.1. We aim at providing a unifying proof for
both L = A+Q and L = G +Q. Before that, we claim
Lemma 16. Let β ∈ (0, 1/α) and f, g ∈ C˜β
(
Rd
)
. Then
|fg|β ≤ |f |0 |g|0 + |f |0 [g]β + |g|0 [f ]β ,
|f |0 = sup
z
|ηm,zf |0 , ∀k ∈ N+,
and for some positive constant C that does not depend on m,
|f |β ≤ Cl (m)
β |f |0 + sup
z
|ηm,zf |β ,
sup
z
|ηm,zf |β ≤ Cl (m)
β |f |0 + |f |β .
Proof. Proof for the first two is identical to that for the standard Ho¨lder
norm. By monotonicity of the scaling factor,
|f |β ≤ C sup
|x−y|> 1
m
l
(
1
|x− y|
)β
|f |0 + sup
|x−y|≤ 1
m
|f (x)− f (y)|
w (|x− y|)β
≤ Cl (m)β |f |0 + sup
z
|ηm,z (x) f (x)− ηm,z (y) f (y)|
w (|x− y|)β
≤ Cl (m)β |f |0 + sup
z
|ηm,zf |β .
Meanwhile,
sup
z
|ηm,zf |β ≤ |f |0 |η|0 + |f |0 sup
z
[ηm,z]β + |η|0 [f ]β
≤ Cl (m)β |f |0 + |f |β .(4.11)

Without introducing much confusion, we will use Lz to represent (3.9) and
(3.13) at the same time, and 〈u, ηm,z〉z for both (3.10) and (3.17). We will
also use |·|β and |·|β,∞ interchangeably, which is justified by A˜(w, l, γ)(ii).
34 FANHUI XU
Estimates and Uniqueness. Let u ∈ C˜1+β∞,∞ (HT ) be a solution to
(1.11), either L = A+Q or L = G +Q. Obviously,
∂t (ηm,zu) = ηm,z (Lzu)− λ (ηm,zu) + ηm,zf + ηm,z [(L − Lz) u] ,
where by elementary derivation,
ηm,z (Lzu) = Lz (ηm,zu)− u (Lzηm,z)− 〈u, ηm,z〉z,(4.12)
therefore, ηm,zu solves
∂t (ηm,zu) = Lz (ηm,zu)− λ (ηm,zu)− u (Lzηm,z) + ηm,zf
+ηm,z [(L − Lz)u]− 〈u, ηm,z〉z.(4.13)
As an application of Theorems 4.1 and 4.2, we have
|ηm,zu|1+β,∞ ≤ C
(
|u (Lzηm,z)|β,∞ + |ηm,zf |β,∞(4.14)
+ |ηm,z [(L − Lz)u]|β,∞ + |〈u, ηm,z〉z|β,∞
)
,
|ηm,zu|β,∞ ≤ C
(
λ−1 ∧ T
) (
|u (Lzηm,z)|β,∞ + |ηm,zf |β,∞
+ |ηm,z [(L − Lz) u]|β,∞ + |〈u, ηm,z〉z|β,∞
)
for some C independent of λ. Clearly, |Lzηm,z|β,∞ ≤ C |ηm,z|1+β,∞ ≤
Cl (m)1+β. Then by Lemma 16 and [15, Proposition 4],
|u (Lzηm,z)|β,∞ ≤ C |u (Lzηm,z)|β
≤ |u|β |Lzηm,z|0 + |u|0 |Lzηm,z|β
≤ Cl (m)1+β |u|β,∞ ≤ Cl (m)
1+β
(
ε |u|1+β + Cε |u|0
)
.
Apply Lemma 16 again.
|ηm,z [(L − Lz)u]|β,∞
≤ C
(
l (m)β
∣∣∣(L˜ − Lz)u∣∣∣
0
+ l (m)β |Qu|0 +
∣∣∣(L˜ − Lz)u∣∣∣
β,∞
+ |Qu|β,∞
)
,
where L˜ is either A or G. Then by Lemmas 9, 12, 15 and Corollaries 1,2,
|ηm,z [(L − Lz)u]|β,∞
≤ Cl (m)β
(
ε |u|1+β,∞ +Cε |u|0
)
+ CF (m,x, z) |u|1+β,∞ ,
where
F (m,x, z) := sup
t,y,|x−z|≤2/m
|ρ (t, x, y)− ρ (t, z, y)|0
if L = A+Q, and F (m,x, z) := sup|x−z|≤2/m ‖G (x)−G (z)‖
σ if L = G+Q.
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Combining Lemmas 10, 13, we obtain
|u (Lzηm,z)|β,∞ + |ηm,zf |β,∞
+ |ηm,z [(L − Lz) u]|β,∞ + |〈u, ηm,z〉z|β,∞
≤ l (m)1+β
(
ε |u|1+β,∞ + Cε |u|0
)
+ C
(
l (m)β |f |0 + |f |β,∞
)
+CF (m,x, z) |u|1+β,∞ .(4.15)
An immediate conclusion of this estimate is
|ηm,zu|β,∞ ≤ C
(
λ−1 ∧ T
)(
F (m,x, z) |u|1+β,∞ + l (m)
β |f |0 + |f |β,∞
)
+C
(
λ−1 ∧ T
)
l (m)1+β
(
ε |u|1+β,∞ + Cε |u|0
)
,(4.16)
where C does not depend on λ,m. Thus,
|u|0 ≤ C sup
z
|ηm,zu|β
≤ C
(
λ−1 ∧ T
)
l (m)1+β
(
|u|1+β,∞ + |f |β,∞
)
,(4.17)
Combining (4.14), (4.15), (4.17), we then have
|ηm,zu|1+β,∞
≤ εl (m)1+β |u|1+β,∞ + Cε
(
λ−1 ∧ T
)
l (m)2+2β
(
|u|1+β,∞ + |f |β,∞
)
+Cl (m)β |f |β,∞ + CF (m,x, z) |u|1+β,∞ .(4.18)
On the other hand, by Lemma 16,
|Lµu|β,∞ ≤ C |L
µu|β ≤ Cl (m)
β |Lµu|0 + C sup
z
|ηm,zL
µu|β
≤ Cl (m)β |Lµu|0 + C sup
z
|ηm,zL
µu|β,∞ .
Let ρ (z, y) = 1, ν (dy) = µ (dy) in Lemma 9 and utilize (4.12).
sup
z
|ηm,zL
µu|β,∞
≤ sup
z
|ηm,zu|1+β,∞ + sup
z
|u (Lµηm,z)|β,∞ + sup
z
|〈u, ηm,z〉z|β,∞
≤ sup
z
|ηm,zu|1+β,∞ + Cl (m)
1+β
(
ε |u|1+β,∞ + Cε |u|0
)
,(4.19)
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where C does not depend on λ,m. Combining (4.17), (4.18), we obtain
|u|1+β,∞ ≤ C
(
|u|0 + |L
µu|β,∞
)
≤ C
(
λ−1 ∧ T
)
l (m)1+β
(
|u|1+β,∞ + |f |β,∞
)
+ C sup
z
|ηm,zu|1+β,∞
+Cl (m)1+β
(
ε |u|1+β,∞ + Cε |u|0
)
≤ εl (m)1+β |u|1+β,∞ + Cε
(
λ−1 ∧ T
)
l (m)2+2β
(
|u|1+β,∞ + |f |β,∞
)
+Cεl (m)
β |f |β,∞ + CF (m,x, z) |u|1+β,∞ .
In the inequality above, we first set m sufficiently large so that
CF (m,x, z) |u|1+β,∞ ≤
1
4
|u|1+β,∞ .
For such an m, we then select ε such that εl (m)1+β < 1/4. At last, we
choose λ large enough so that for such m, ε, Cε
(
λ−1 ∧ T
)
l (m)2+2β < 1/4.
As a summary, with appropriate choice of m, ε, λ, |u|1+β,∞ ≤ C (λ) |f |β,∞.
We need λ to be sufficiently large though, say λ ≥ λ0. To completely
relax this constraint, let us consider v (t, x) := e(λ−λ0)tu (t, x) , λ > 0, where
u solves (1.11). Then v is a solution to
∂tv (t, x) = Lv (t, x)− λ0v (t, x) + e
(λ−λ0)tf (t, x) , λ ≥ 0,
v (0, x) = 0, (t, x) ∈ HT ,
and
|v|1+β,∞ =
∣∣∣e(λ−λ0)tu∣∣∣
1+β,∞
≤ Cλ0
∣∣∣e(λ−λ0)tf ∣∣∣
β,∞
.
Namely, |u|1+β,∞ ≤ Cλ0 |f |β,∞. Note Cλ0 is uniform with respect to λ.
Now we can conclude from (4.16), (4.17) and Lemma 16 that
|u|β,∞ ≤ Cl (m)
β |u|0 + C sup
z
|ηm,zu|β,∞ ≤ C
(
λ−1 ∧ T
)
|f |β,∞ ,
where C does not depend on λ, u, f .
Again, according to Theorems 4.1, 4.2 and (4.15), (4.13), there is a con-
stant C depending on κ, β, d, T, µ, ν such that for all 0 ≤ s < t ≤ T ,
κ ∈ [0, 1],
|ηm,zu (t, ·)− ηm,zu (s, ·)|1+β,∞
≤ C (t− s)1−κ
(
|u (Lzηm,z)|β,∞ + |ηm,zf |β,∞
+ |ηm,z [(L − Lz) u]|β,∞ + |〈u, ηm,z〉z|β,∞
)
≤ Cl (m)1+β (t− s)1−κ |f |β,∞ .
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Apply Lemma 16 and repeat derivation (4.19) for the difference function,
|u (t, ·)− u (s, ·)|1+β,∞
≤ C
(
|u (t, ·)− u (s, ·)|0 + |L
µu (t, ·)− Lµu (s, ·)|β,∞
)
≤ C sup
z
|ηm,zu (t, ·)− ηm,zu (s, ·)|0
+Cl (m)β sup
z
|ηm,zL
µu (t, ·)− ηm,zL
µu (s, ·)|β,∞
≤
(
Cl (m)β + Cεl (m)
1+2β
)
|ηm,zu (t, ·)− ηm,zu (s, ·)|1+β,∞
+εl (m)1+2β |u (t, ·)− u (s, ·)|1+β,∞ .
Choose ε such that εl (m)1+2β < 1/2. Then we arrive at
|u (t, ·)− u (s, ·)|1+β,∞
≤
(
Cl (m)β + Cεl (m)
1+2β
)
|ηm,zu (t, ·)− ηm,zu (s, ·)|1+β,∞
≤ C (t− s)1−κ |f |β,∞ .
Uniqueness of the solution is a direct consequence of these estimates.
Existence. Let V (HT ) be the linear space that for any v ∈ V (HT ), there
exists a unique f ∈ C˜β∞,∞ (HT ) such that v (t, x) =
∫ t
0 f (s, x) ds. Equip
V (HT ) with norm |v|V := |f |β,∞. Let U (HT ) be the linear space that for
any u ∈ U (HT ), there is g ∈ C˜
1+β
∞,∞ (HT ) such that u (t, x) =
∫ t
0 g (s, x) ds.
Endow U (HT ) with norm |u|U := |u|1+β,∞. Then V (HT ) is a normed linear
space and U (HT ) is a Banach space. Define for θ ∈ [0, 1],
Tθu (t, x) = θ
(
u (t, x)−
∫ t
0
(Lu (s, x)− λu (s, x)) ds
)
+ (1− θ)
(
u (t, x)−
∫ t
0
(Lνu (s, x)− λu (s, x)) ds
)
:= u (t, x)−
∫ t
0
[Lθu (s, x)− λu (s, x)] ds,
where Lθ = θL+(1− θ)L
ν . Take u ∈ U (HT ). Then u (t, x) :=
∫ t
0 g (s, x) ds
for some g ∈ C˜1+β∞,∞ (HT ). Clearly, for any θ ∈ [0, 1], u solves
u (t, x) =
∫ t
0
[Lθu (s, x)− λu (s, x) +
(
g (s, x)− Lθu (s, x) + λu (s, x)
)
]ds.
Therefore,
Tθu (t, x) =
∫ t
0
[g (s, x)− Lθu (s, x) + λu (s, x)]ds,
where by Lemma 15, Proposition 2 and Corollary 1,
|Tθu|V = |g − Lθu+ λu|β,∞ ≤ C |u|1+β,∞ <∞.
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Then, Tθ [U (HT )] ⊂ V (HT ). Meanwhile, by estimates we derived above,
there is C independent of u, θ such that
|u|U = |u|1+β,∞ ≤ C |g − Lθu+ λu|β,∞ ≤ C |Tθu|V .
Theorem 4.1 says T0 maps U onto V. By Theorem 5.2 in [4], so does T1.
5. Appendix
Lemma 17. [15, Lemma 2] Let ν be a Le´vy measure and w be the scaling
function which ν satisfies A(w,l) for. Then,
a) there are constants C1, C2 > 0 such that
C1ς (r) ≤ w (r)
−1 ≤ C2ς (r) , ∀r > 0.(5.1)
b)
∫
|y|≤1w (|y|) ν (dy) = +∞.
c) For any ε > 0,
∫
|y|≤1w (|y|)
1+ε ν (dy) <∞.
d) For any ε > 0,
∫
|y|≤1 |y|
εw (|y|) ν (dy) <∞.
Lemma 18. [9, Lemma 5] Let ν be a Le´vy measure satisfying A(w,l). Z ν˜Rt
is the Le´vy process associated to ν˜R, R > 0. For each t, R, Z
ν˜R
t has a bounded
and continuous density function pR (t, x) , t ∈ (0,∞) , x ∈ Rd. And pR (t, x)
has bounded and continuous derivatives up to order 4. Meanwhile, for any
multi-index |ϑ| ≤ 4,∫ ∣∣∣∂ϑpR (t, x)∣∣∣ dx ≤ Cγ (t)−|ϑ| ,
sup
x∈Rd
∣∣∣∂ϑpR (t, x)∣∣∣ ≤ Cγ (t)−d−|ϑ| ,
where C > 0 is independent of t, R. For any β ∈ (0, 1) such that |ϑ|+β < 4,∫ ∣∣∣∂β∂ϑpR (t, x)∣∣∣ dx ≤ Cγ (t)−|ϑ|−β .
For any a > 0, there is a constant C > 0 independent of t, R, so that∫
|x|>a
∣∣∣∂ϑpR (t, x)∣∣∣ dx ≤ C (γ (t)2−|ϑ| + tγ (t)−|ϑ|) .
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